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Abstract We obtain possibly valuable information about the phase diagram linked to the
critical orientations for composite matter subjected to interactions at high fermion as well as
boson number density but low temperature, which is not easily accessible to experiments.
Our results qualitatively resemble those proposed before by using other theories once we can
calibrate our results by tuning the critical orientation and the rarefaction measure (relevant
to the temperature).

Keywords Fundamental particles · Pauli exclusion principle · Acoustic analog

1 Introduction

Although the recent close inspection by the Hubble Space Telescope of the area of interest
(cf. [55]) appears to indicate that no string is present (see, e.g. [56]), the possibility remains
that strings may be found through other types of observation in the Universe. Note that
when two ordinary cosmic strings (please see the review by Hindmarsh and Kibble [36] or
Davis [24] for the details) intersect, they normally ‘intercommute’, or exchange partners.
Recent study (cf. [23]) of the interaction of a pair of straight strings instead show that there
are important kinematical constraints implying that such intercommuting is impossible for
strings that meet with very high relative velocity. The limit depends on the angle at which
the strings meet and on the ratios of the string tensions. Thus, the orientation effect is im-
portant to the dynamics (and thermodynamics) of systems of straight strings although this
study is already rather difficult (cf. Polchinski [54] or [57]) even considering only the gen-
eral collision between two straight strings (cf. [58]). This is one motivation for our present
attempt.

We noticed that some researchers represented baryons as pieces of open string connected
at one common point (cf. [61]). Thus, as a preliminary investigation, the collision of system
of rigid straight strings is also of academic interest. Here, for simplicity, we only consider
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collisions of system of straight (long-enough) strings (with the same tensions) which are
confined to move only two-dimensionally (the projection of each string lying within the
plane which is perpendicular to the string axis). To make further approximation as the prob-
lem is still of higher dimension (considering the dimension of strings), we only consider the
projection of each string into the plane perpendicular to the axis of the straight string: a point
particle and associate it with an (intrinsic) orientation when these system of particles col-
lide with each other (when strings collide with a relative angle, they may be cut once at the
collision and connected at the different ends. This is called reconnection (or recombination,
inter-commutation; cf. [32] or [5]) but it resembles that of two indistinguishable particles
collide and then depart from the view point (in the direction of the string axis) lying far
away from these strings or projections at the plane perpendicular to their axes). We will not
consider the collisions of three straight (longer enough) strings (cf. [23]) here.

The only place in the universe where we expect sufficiently high densities and low tem-
peratures is compact stars, also known as ‘neutron stars’, since it is often assumed that they
are made primarily of neutrons (for a recent review, see [42]). A compact star is produced in
a supernova. As the outer layers of the star are blown off into space, the core collapses into
a very dense object. In a broader perspective, neutron stars and heavy-ion collisions provide
access to the phase diagram of matter at extreme densities and temperatures, which is basic
for understanding the very early Universe and several other astrophysical phenomena. These
range from nuclear processes on the stellar surface to processes in electron degenerate mat-
ter at subnuclear densities to boson condensates and the existence of new states of baryonic
matter such as color superconducting quark matter at supernuclear densities. More than that,
according to the strange matter hypothesis strange quark matter could be more stable than
nuclear matter, in which case neutron stars should be largely composed of pure quark matter
possibly enveloped in thin nuclear crusts. Neutron stars and white dwarfs are in hydrostatic
equilibrium, so at each point inside the star gravity is balanced by the degenerate particle
pressure, as described mathematically by the Tolman–Oppenheimer–Volkoff equation [53,
62].

It is often stressed that there has never been a more exciting time in the overlapping areas
of nuclear physics, particle physics, and relativistic astrophysics than today (cf. [35]). Neu-
tron stars are dense, neutron-packed remnants of massive stars that blew apart in supernova
explosions. They are typically about twenty kilometers across and spin rapidly, often mak-
ing several hundred rotations per second. Many neutron stars form radio pulsars, emitting
radio waves that appear from the Earth to pulse on and off like a lighthouse beacon as the
star rotates at very high speeds. Depending on star mass and rotational frequency, gravity
compresses the matter in the core regions of pulsars up to more than ten times the density
of ordinary atomic nuclei, thus providing a high pressure environment in which numerous
subatomic particle processes compete with each other.

The most spectacular ones stretch from the generation of hyperons and baryon reso-
nances to quark deconfinement to the formation of boson condensates. There are theoretical
suggestions of even more exotic processes inside neutron stars, such as the formation of
absolutely stable strange quark matter, a configuration of matter more stable than the most
stable atomic nucleus, 62Ni. Instead these objects should be named nucleon stars, since rel-
atively isospin symmetric nuclear matter-in equilibrium with condensed K− mesons-may
prevail in their interiors, hyperon stars if hyperons (Σ , Λ, Ξ , possibly in equilibrium with
the Δ resonance) become populated in addition to the nucleons, quark hybrid stars if the
highly compressed matter in the centers of neutron stars were to transform into u, d , s quark
matter, or strange stars if strange quark matter were to be more stable than nuclear matter. Of
course, at present one does not know from experiment at what density the expected phase
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transition to quark matter occurs. Neither do lattice Quantum ChromoDynamical (QCD)
simulations provide a conclusive guide yet. From simple geometrical considerations it fol-
lows that, for a characteristic nucleon radius of rN ∼ 1 fm, nuclei begin to touch each other at
densities of ∼(4πr3

N/3))−1 ≈ 0.24 fm3, which is less than twice the baryon number density
of ordinary nuclear matter, ρ0 = 0.16 fm3 (energy density ε0 = 140 MeV/fm3). Depending
on the rotational frequency and stellar mass, such densities are easily surpassed in the cores
of neutron stars so gravity may have broken up the neutrons (n) and protons (p) in the cen-
ters of neutron stars into their constituents. The phase diagram of quark matter, expected to
be in a color superconducting phase, is very complex [1, 35], da Silva and Hadjimichef [25].
At asymptotic densities the ground state of QCD with a vanishing strange quark mass is the
color-flavor locked (CFL) phase. This phase is electrically charge neutral without any need
for electrons for a significant range of chemical potentials and strange quark masses.

Quite recently McLaughlin et al. [50] searched for radio sources that vary on much
shorter timescales. They found eleven objects characterized by single, dispersed bursts hav-
ing durations between 2 and 30 ms. The average time intervals between bursts range from
4 min to 3 h with radio emission typically detectable for < 1 s per day. From an analysis
of the burst arrival times, they have identified periodicities in the range 0.4–7 s for ten of
the eleven sources, suggesting origins in rotating neutron stars. Meanwhile as all pulsars
from which giant pulses have been detected appear to have high values of magnetic field
strength at their light cylinder radii (cf. [38]). While the Crab pulsar has a magnetic field
strength at the light cylinder of 9.3 × 105 G, this value ranges from only 3 to 30 G for these
sources, suggesting that the bursts originate from a different emission mechanism. They
therefore concluded that these sources represent a previously unknown population of burst-
ing neutron stars, which they call rotating radio transients (RRATs). These interesting new
observations make us to investigate the rotation (e.g., it is still controversial how much an-
gular momentum the iron cores have before the onset of the gravitational-collapse) as well
as Pauli-blocking effects [2, 37] in compact stars considering the possible phase diagram.
This is another motivation for our present study here.

In present approach (following equations (2) and (3) below) the Uehling–Uhlenbeck col-
lision term [18–20, 26, 63, 64], which could describe the collision of a gas of dilute hard-
sphere Fermi- or Bose-particles by tuning a parameter γ : a Pauli-blocking factor (or γf with
f being a normalized (continuous) distribution function giving the number of particles per
cell) is adopted together with a free-orientation θ (which is related to the relative direction of
scattering of particles w.r.t. to the normal of the propagating plane-wave front) into the quan-
tum discrete kinetic model [18–20, 64] which can be used to obtain dispersion relations of
plane (sound) waves propagating in different-statistic gases (of particles). We then study the
critical behavior based on the acoustical analog [15–17, 49] which has been verified before.
The possible phase diagram (as the orientation is changed) we obtained resemble qualita-
tively those proposed before (cf. [1]). We firstly introduce in brief previous QCD transport
theories since our results might be calibrated with those obtained via QCD. To satisfy the
generalized Pauli exclusion principle, researchers make the further assumption that each of
the quarks (say, u-, d-, and s-quark) comes in three varieties that are distinguished by a
further feature: color. Thus, the basis of SU(3) color symmetry scheme and quantum chro-
modynamics (QCD) forms (SU(3)c is another SU(3) group called the color group which
is presumed to not experience spontaneous symmetry breaking and so the gluons remain
massless).

Note that as the temperature T of the quark-gluon plasma is much greater than the QCD
scale parameter ΛQCD, the hard modes, i.e. those with momenta of the order of T or larger,
are weakly interacting and they can be described within perturbative QCD (cf. [22]). The
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dynamics of the soft sector, however, remains non-perturbative even at arbitrarily large tem-
perature (cf. [30]), as signaled by severe infrared divergences (cf. [44]). Then, one has to
refer to effective theories to get an insight into the soft mode dynamics. Such theories, see
e.g. [9–11], can be derived from QCD by integrating out the hard modes, but constructing
them is by far not a simple task. Consequently, one often relies on more or less heuristic
approaches, usually exploiting a semi-classical or classical field approximation because the
occupation numbers of the soft gluonic modes are large. A very natural effective approach
is provided by the kinetic theory, where the hard modes are treated as (quasi-)particles while
the soft gluonic ones contribute to the chromodynamic mean field. The transport theory has
been formulated in two versions. The first one treats the color degrees of freedom as a clas-
sical continuous variable which, as position or momentum, evolves in time. A starting point
of the theory are the Wong equations (cf. [66]), which describe a classical particle that in-
teracts with the chromodynamic field due to the color charge. Then, one immediately gets
the Liouville and the transport equations [33, 34] of a many-body quark-gluon system. The
physical content of the theory is rather transparent and numerous results, for example trans-
port coefficients, can be easily obtained. Even the simplest collisionless transport equations,
where the dissipation phenomena are neglected, provides a surprisingly rich dynamics. The
transport theory with the classical color became really reliable when the theory was found
(cf. [40]) to reproduce the QCD hard-thermal-loop dynamics [12, 60]. It was further estab-
lished (cf. [45]) that the theory supplemented by the collision terms, obtained integrating
out soft around the mean fields, agrees with the QCD effective approaches (cf. [3]).

In the second version of the QCD transport theory (cf. [65]), the color charges are rep-
resented, in full accordance with QCD, by a matrix structure of the distribution function.
The Vlasov transport equation of quarks was derived by Elze et al. [28] directly from
QCD, by analyzing the motion of quantum quarks in the classical chromodynamic field.
The gluon transport equation was found (cf. [29]), by splitting the gluon field into the
mean field and the contribution representing the particle excitations. It was further observed
by Mrówczyński [51] that the quark and gluon transport equations are formally identi-
cal when the first one is written in the fundamental representation and the second one in
the adjoint representation. Then, the quark and gluon distribution functions are Nc × Nc

and (N2
c − 1) × (N2

c − 1) matrices, respectively, for the SU(Nc) gauge group. In quasi-
equilibrium, the matrix transport theory was proved by Blaizot and Iancu [6] to be fully
equivalent to the QCD hard-loop approach. The kinetic approach, which can be treated as a
local presentation of the non-local hard-loop action, is particularly useful to study the col-
lective excitations of the quark-gluon plasma. More recently, the quasi-equilibrium kinetic
equations have been derived beyond the collisionless limit (cf. [7]) and the QCD effective
theories have again been correctly reproduced.

A natural question that arises is where the agreement between the kinetic theory, ei-
ther with the classical color or in the matrix form, and the finite temperature diagram-
matic approach breaks down. Laine and Manuel [43] later on studied the kinetic theory
with the classical color and it was found to reproduce the g4 contribution to the effective
action only in the limit of high-dimensional color representations. Thus, the limitations of
the classical approach have been explicitly determined. Quite recently Manuel and Mrów-
czyński [47] looked for the solutions of the transport equations for quarks and gluons in-
teracting with a chromodynamic mean field. The system is assumed to be translation in-
variant in one or more space-time directions. Thus, their considerations hold, in particular,
for static and for homogeneous systems. In fact, similar approaches (as well as our present
one: Uehling–Uhlenbeck collision forms, equations (2) and (3) below) have been applied
to some QCD transport problems. These observations together with our present verified ap-
proaches: combining Uehling–Uhlenbeck equations (cf. [18–21, 64]) with acoustic analog
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(cf. [15–17, 21]), as we believe, could provide valuable information about orientation ef-
fects (might be relevant to the strong magnetic field or external confined potentials) to the
phase diagram of nuclear matter (related to the thermodynamics but not non-equilibriuym
transport). The preliminary results we present here can also tell us: how far the limits of the
Uehling–Uhlenbeck approach can be extended to non-Abelian kinetic one.

2 Theoretical Formulations

The velocities of particles (or projections of system of rigid straight (long-enough) strings
onto the plane perpendicular to the string-axis) are restricted to, e.g., u1,u2, . . . ,up , p is
a finite positive integer. The discrete number densities of particles are denoted by Ni(x, t)

associated with the velocities ui at point x and time t . If only nonlinear binary collisions and
the evolution of Ni are considered, we have

∂Ni

∂t
+ ui · ∇Ni = Fi ≡ 1

2

∑

j,k,l

(A
ij

klNkNl − Akl
ij NiNj ), i ∈ Λ = {1, . . . , p}, (1)

where (i, j) and (k, l) (i �= j or k �= l) are admissible sets of collisions (cf. [18–21, 64]).
Here, the summation is taken over all j, k, l ∈ Λ, where A

ij

kl are nonnegative constants sat-
isfying A

ji

kl = A
ij

kl = A
ij

lk , A
ij

kl(ui + uj − uk − ul ) = 0, and A
ij

kl = Akl
ij . The conditions defined

for the discrete velocities above require that there are elastic, binary collisions, such that
momentum and energy are preserved, i.e., ui + uj = uk + ul , |ui |2 + |uj |2 = |uk|2 + |ul |2,
are possible for 1 ≤ i, j, k, l ≤ p. We note that, the summation of Ni (

∑
i Ni ): the total dis-

crete number density here is related to the macroscopic density: ρ (= mp

∑
i Ni), where mp

is the mass of the particle [18–21, 64].
Together with the introducing of the Uehling–Uhlenbeck collision term (cf. [18–21, 64]):

Fi =
∑

j,k,l

A
ij

kl [NkNl(1 + γNi)(1 + γNj ) − NiNj (1 + γNk)(1 + γNl)], (2)

into (1), for γ < 0 (normally, γ = −1), we can then obtain a quantum discrete kinetic equa-
tion for a gas of Fermi-particles; while for γ > 0 (normally, γ = 1) we obtain one for a gas
of Bose-particles, and for γ = 0 we recover (1).

Considering binary collisions only, from equation above, the model of quantum discrete
kinetic equation for Fermi or Bose gases proposed before is then a system of 2n(= p) semi-
linear partial differential equations of the hyperbolic type:

∂

∂t
Ni + vi · ∂

∂x
Ni = cS

n

2n∑

j=1

NjNj+n(1 + γNj+1)(1 + γNj+n+1)

− 2cSNiNi+n(1 + γNi+1)(1 + γNi+n+1), i = 1, . . . ,2n, (3)

where Ni = Ni+2n are unknown functions, and vi = c(cos[θ + (i − 1)π/n], sin[θ + (i −
1)π/n]); c is a reference velocity modulus and is the same order of the sound speed in
the absence of scatters), θ is the free orientation starting from the positive x-axis to the u1

direction and could be related to the external strong magnetic field or confined potential or
parameter relevant to the global internal symmetry, S is an effective collision cross-section
for the collision system.
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As we adopt the acoustic analog approach, so we shall derive the dispersion relations
for plane waves propagating inside system of colliding particles (or projections of system
of rigid straight (long-enough) strings onto the plane perpendicular to the string-axis) from
above equations. Note that the passage of the plane (sound) wave will cause a small depar-
ture from an equilibrium state and result in energy loss owing to internal friction and heat
conduction, we then linearize above equations around a uniform equilibrium state (particles’
number density: N0) by setting Ni(t, x) =N0 (1 + Pi(t, x)), where Pi is a small perturba-
tion. After some similar manipulations (please refer to [15, 17] or [21]), with B = γN0 < 0,
which gives or defines the (proportional) contribution from the Fermi gases (if γ < 0, e.g.,
γ = −1) or the Bose gases (B > 0, if γ > 0, e.g., γ = 1), we then have

[
∂2

∂t2
+ c2 cos2

[
θ + (m − 1)π

n

]
∂2

∂x2
+ 4cSN0(1 + B)

∂

∂t

]
Dm

= 4cSN0(1 + B)

n

n∑

k=1

∂

∂t
Dk, (4)

where Dm = (Pm + Pm+n)/2, m = 1, . . . , n, since D1 = Dm for 1 = m (mod 2n).
We are ready to look for the solutions in the form of plane wave Dm= am exp i(kx −ωt),

(m = 1, . . . , n), with ω = ω(k). This is related to the dispersion relations of 1D (forced)
plane wave propagation in Fermi or Bose gases. So we have

(
1 + ih(1 + B) − 2λ2 cos2

[
θ + (m − 1)π

n

])
am − ih(1 + B)

n

n∑

k=1

ak = 0,

m = 1, . . . , n, (5)

where

λ = kc/(
√

2ω), h = 4cSN0/ω ∝ 1/Kn,

where h is the rarefaction parameter of the gas; Kn is the Knudsen number which is defined
as the ratio of the mean free path of gases to the wave length of the plane (sound) wave.

3 Results and Discussions

We firstly introduce the concept of acoustical analog [15–17, 49] in brief. In a meso-
scopic system, where the sample size is smaller than the mean free path for an elas-
tic scattering, it is satisfactory for a one-electron model to solve the time-independent
Schrödinger equation: −(�2/2m)∇2ψ + V ′(�r)ψ = Eψ or (after dividing by −�

2/2m)
∇2ψ + [q2 − V (�r)]ψ = 0, where q is an (energy) eigenvalue parameter, which for the
quantum-mechanic system is

√
2mE/�2. Meanwhile, the equation for classical (scalar)

waves is ∇2ψ − (∂2ψ/c2 ∂t2) = 0 or (after applying a Fourier transform in time and con-
triving a system where c (the wave speed) varies with position �r) ∇2ψ +[q2 −V (�r)]ψ = 0,
here, the eigenvalue parameter q is ω/c0, where ω is a natural frequency and c0 is a ref-
erence wave speed. Comparing the time dependencies one gets the quantum and classical
relation E = �ω. The localized state (associated with a corresponding critical orientation)
could thus be determined via E or the rarefaction parameter (h) which is related to the ratio
of the collision frequency and the wave frequency.
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The complex spectra (λ = λr+ i λi ; the real part λr = krc/(
√

2ω): sound dispersion,
a relative measure of the sound or phase speed; the imaginary part λi = kic/(

√
2ω): sound

attenuation or absorption) could be obtained from the complex polynomial equation above.
Here, the Pauli-blocking parameter (B) could be related to the occupation number of
different-statistic particles of gases (cf. [21, 64]). To examine the critical region possibly
tuned by the Pauli-blocking measure B = γN0 and the free orientation θ , as evidenced from
previous Boltzmann results (cf. [16, 17]): λi = 0 for cases of θ = π/4 (or B = −1), we firstly
check those spectra near θ = 0, say, θ = 0.005 and θ = π/4 ≈ 0.7854, say, θ = 0.78535 for
a B-sweep (B decreases from 1 to −1), respectively. Note that, as the free-orientation θ is
not zero, there will be two kinds of propagation of the disturbance wave: sound and dif-
fusion modes (cf. [21, 48]). The latter (anomalous) mode has been reported in Boltzmann
gases (cf. [15, 17]) and is related to the propagation of entropy wave which is not used
in the acoustical analog here. The absence of (further) diffusion (or maximum absorption)
for the sound mode at certain state (h, corresponding to the inverse of energy E; cf. Chu
in Ref. [15]) is classified as a localized state (resonance occurs) based on the acoustical
analog [15–17]. The state of decreasing h might, in one case [27], correspond to that of T

(absolute temperature) decreasing as the mean free path is increasing (density or pressure
decreasing).

We have observed the max. λi (absorption of sound mode, relevant to the localization
length according to the acoustical analog [15–17] drop to around four orders of magni-
tude from θ = 0.005 to 0.78535 (please see [15, 17])! This is a clear demonstration of the
effect of free orientations. Meanwhile, once the Pauli-blocking measure (B) increases or de-
creases from zero (Boltzmann gases), the latter (Fermi gases: B < 0) shows opposite trend
compared to that of the former (Bose gases: B > 0) considering the shift of the max. λi

state: δh. δh > 0 is for Fermi gases (|B| increasing), and the reverse (δh < 0) is for Bose
gases (B increasing)! This illustrates partly the interaction effect (through the Pauli exclu-
sion principle). These results will be crucial for further obtaining the phase diagram (as the
density or temperature is changed) tuned by both the free orientation and the interaction.
Here, B = −1 or θ = 0,π/4 might be fixed points.

To check what happens when the temperature is decreased (or h is decreased) to near
T = 0 or T = Tc , we collect all the data based on the acoustical analog from the dispersion
relations (especially the absorption of sound mode) we calculated for ranges in different
degrees of the orientation (here, θ is up to π/4 considering single-particle scattering and
binary collisions; in fact, effects of θ are symmetric w.r.t. θ = π/4 for 0 ≤ θ ≤ π/2; cf. Chu
in Ref. [15]) and Pauli-blocking measure. After that, we plot the possible phase diagram
for the inverse of the rarefaction parameter vs. the orientation (which is related to the scat-
tering) into Fig. 1 (for different Bs: B = −0.98,−0.9,−0.1,0,0.1,1). Here, the Knudsen
number (Kn) ∝ MFP/λs with MFP and λs being the mean free path and wave length, respec-
tively and the temperature vs. MFP relations could be, in one case, traced from Einzel and
Parpia [27] (following Fig. 3 therein). This figure shows that as the temperature decreases
to a rather low value, the critical orientation will decrease sharply (at least for either Bose or
Fermi gases).

In fact, qualitatively similar results (cf. Fig. 4 in [39]: therein higher relative pressure
corresponding to λr here) show that (i) once the orientation θ increases, for the same h (or
temperature; cf. [27]), the dispersion λr (or the relative pressure in [39]) increases (please
refer to [15, 17]); (ii) as |B| (B: the Pauli-blocking parameter) increases, the dispersion (λr )
will reach the continuum or hydrodynamical limit (larger h or high temperature regime) ear-
lier. The phase speed of the plane (sound) wave in Bose gases (even for small but fixed h)
increases more rapid than that of Fermi gases (w.r.t. to the higher temperature conditions:
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Fig. 1 Possible phase diagram
for different-statistic gases w.r.t.
the free orientation (θ ) and
Knudsen number (Kn ∝ the
mean free path/wave length).
B > 0: bosonic particles; B < 0:
fermionic particles [10]. The
orientation is related to either the
induced scattering or internal
symmetry. Kn might be
transformed to the dimensionless
or relative temperature (cf. Fig. 3
by Einzel and Parpia [27])

larger h) as the relevant parameter B increases. For all the rarefaction measure (h), per-
turbed plane waves propagate faster in Bose-particle gases than Boltzmann-particle and
Fermi-particle gases (e.g., see [18–20] or [21]). In fact, the real part (λr ) also resembles
qualitatively those reported by Asakawa et al. [4] for T > Tc cases.

As for the imaginary part (λi ), there is the maximum absorption (or attenuation) for
certain h (the rarefaction parameter) which resembles that reported by Broniowski and
Hiller [13] (cf. Fig. 1(b) therein). We observed a jump of the (relative) sound speed in the
multiple scattering case (cf. [16]) which was also reported by Tarasov [59] (at the phase
transition between hadronic phase and QGP).

To know the detailed effects of interactions (tuned by the Pauli-blocking parameter: B

here) and the critical orientation, which could be linked to the effective number of thermo-
dynamic degrees of freedom (ν, for an ideal gas of massless, non-interacting constituents,
ν counts the number of bosonic degrees of freedom plus the number of fermionic degrees
of freedom weighted by 7/8), we plot θ (of which the localization or resonance occurs for
specific B) vs. μ (the chemical potential, in arbitrary units) in Figs. 2 and 3 by referring to
two possibly localized states (θ = 0 or π/4; cf. [15, 17]). The density rises from the onset
of nuclear matter through the transition to quark matter as illustrated in Fig. 2. The compact
star is possibly in this region of the phase diagram. Then there might be different behaviors
separated by crossover regions as shown in Figs. 2 (θ = 0 dominated, T (the temperature)
∝ h (the rarefaction measure)) and 3 (θ = π/4 dominated, T (the temperature) ∝ 1/h). We
remind the readers that for the case of θ = π/4 dominated (Fig. 3), as the lower temperature
is associated with the higher density, fermions (B < 0) link to the lower temperature regime
(under the same orientation).

If there are differences between ours and those reported before, it might be due to the
assumption made in previous study that the matter under study is in (approximate) local
thermal equilibrium. At RHIC, such evidence is believed to be provided by the agreement
of the elliptic flow (cf. [41]) measured in noncentral collisions with hydrodynamic model
predictions. Such predictions are based on the assumption that the matter behaves like a
fluid in local thermal equilibrium, with arbitrarily short mean free paths and correspondingly
strong interactions), one possible explanation could be that the assumption of a completely
thermal medium is a simplification (cf. [52]). The acoustic perturbations we treated are close
to the thermodynamic equilibrium (for Bose or Fermi gases). Other reasoning is related
to the different types of particles (with or without fragmentation) being considered. One



1036 Int J Theor Phys (2008) 47: 1028–1038

Fig. 2 Possible phase diagram
for different-statistic gases w.r.t.
the orientation (θ ) and
temperature T ∝ h (the
rarefaction measure). The unit
of μ (related to the chemical
potential) is arbitrary. B > 0:
bosonic particles; B < 0:
fermionic particles

Fig. 3 Possible phase diagram
for different-statistic gases w.r.t.
the orientation and temperature
T ∝ 1/h (h is the rarefaction
measure and is proportional to
the inverse of the mean free path;
cf. Fig. 3 by Einzel and
Parpia [27]). The unit of μ is
arbitrary

interesting observation is that the attenuation of jet (quenching) observed at RHIC resembles
qualitatively the attenuation of plane (sound) waves (cf. [15, 17]).

With above results, then our approach could provide an effective theory based on the
opposite picture of very strong interaction (via the tuning of B and θ ) and very small mean
free paths (h is large). This can also be useful to the study of problems in astrophysics: like
compact stars. For instance, one of the most striking features of QCD is asymptotic freedom:
the force between quarks becomes arbitrarily weak as the characteristic momentum scale of
their interaction grows larger. This immediately suggests that at sufficiently high densities
and low temperatures (corresponding to the case of Fig. 3 here; cf. [15, 17] since θ = π/4
is also possible and thus dominates the localized behavior or transition) matter will consist
of a Fermi sea of essentially free quarks, whose behavior is dominated by the freest of them
all: the high-momentum quarks that live at the Fermi surface.

Note that in QCD, the dominant gauge-boson-mediated interaction between quarks is
itself attractive. The relevant degrees of freedom are those which involve quarks with mo-
menta near the Fermi surface. These interact via gluons, in a manner described by QCD.
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The breaking of a gauge symmetry cannot be characterized by a gauge-invariant local order
parameter which vanishes on one side of a phase boundary. Considering the pairing mecha-
nism, in conventional condensed-matter systems, where the relevant fermions are electrons,
the necessary attractive interaction has been hard to find. The dominant interaction between
electrons is the repulsive electrostatic force, but in the right kind of crystal there are attrac-
tive phonon-mediated interactions that can overcome it. In these materials the BCS mech-
anism leads to superconductivity, since it causes Cooper pairing of electrons, which breaks
the electromagnetic gauge symmetry, giving mass to the photon and producing the Meiss-
ner effect (exclusion of magnetic fields from a superconducting region). The Cooper-paired
state is rare and delicate, easily disrupted by thermal fluctuations, so superconductivity only
survives at low temperatures. In QCD, however, the superconducting phase can be charac-
terized rigorously only by its global symmetries. In electromagnetism there is a non-local
order parameter, the mass of the magnetic photons, that corresponds physically to the Meiss-
ner effect and distinguishes the free phase from the superconducting one. In QCD there is
no free phase: even without pairing the gluons are not states in the spectrum. No order pa-
rameter distinguishes the Higgsed phase from a confined phase or a plasma, so we have to
look at the global symmetries (since pairs of quarks cannot be color singlets, the resulting
condensate will break the local color symmetry SU(3)color). Based on these, to calibrate our
results (say, Figs. 2 and 3) with those obtained using the QCD, we like to remind the readers
that, there is possibility about the continuity of quark and hadron matter, for low enough
strange quark mass (via the mass spectra of quarks) there may be a region where sufficiently
dense baryonic matter has the same symmetries as quark matter, and there need not be any
phase transition between them! In fact, the mass spectra of particles could be inferred from
the acoustic analog by using our present approach.

To conclude in brief, our illustrations here, although are based on the acoustical analog of
our quantum discrete kinetic calculations, can indeed show the Fermi and Bose liquid (say,
Cooper pairs) and their critical behavior for the transition (at least valid to the regime T > Tc

considering the QGP) once the orientation (linked to the straight string via a projection) is
tuned as well as the temperature is decreased significantly. We shall investigate more com-
plicated problems in the future (say, [8, 14, 46]) (e.g., (1) the saturated orientation shown in
Fig. 3 which is almost the same for all different-statistic gases of particles might be relevant
to the Stefan–Boltzmann limit; (2) the critical orientation might be related to the external
strong magnetic field (cf. [18–20] or [31]) or confined potential or parameter relevant to the
global internal symmetry).
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